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Background
Logical (Boolean) regulatory graphs

g1 g2

g3

Logical (Boolean) regulatory graph R = (G ,F ):

• G is a set of n regulatory components gi

•
∏

gi∈G{0, 1} defines the state space S

• F is a set of regulatory functions Fgi ∈ F : S → {0, 1}
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State transition graph
represents the dynamical behaviour of a LRG, where:

• nodes - represent states

• edges - possible transitions between successor states
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Biological motivation
Dynamic behaviour of a GRN

Modelling procedure (simplified):

• Define the set of components

• Define their signed influences

• Define the functions regulating each component
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Biological motivation
Dynamic behaviour of a GRN
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fg2 = ¬g3

Q: How to choose the “correct” function(s)?

• Are all regulatory interactions functional?

• Is the function compliant with the regulator sign?

• Is the function “robust” to changes?

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 5/32



Biological motivation
Dynamic behaviour of a GRN

g1 g2

g3

=⇒

000 100

001 101

010 110

011 111

fg3 = ¬g2

Q: How to choose the “correct” function(s)?

• Are all regulatory interactions functional?

• Is the function compliant with the regulator sign?

• Is the function “robust” to changes?

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 5/32



Biological motivation
Dynamic behaviour of a GRN

g1 g2

g3

=⇒

000 100

001 101

010 110

011 111

?

?

?

?

fg1 =
?¬ g1

?

∨/∧ ?¬ g2

?

∨/∧ ?¬ g3

Q: How to choose the “correct” function(s)?

• Are all regulatory interactions functional?

• Is the function compliant with the regulator sign?

• Is the function “robust” to changes?

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 5/32



Biological motivation
Dynamic behaviour of a GRN

g1 g2

g3

=⇒

000 100

001 101

010 110

011 111

?

?

?

?

fg1 =
?¬ g1

?

∨/∧ ?¬ g2

?

∨/∧ ?¬ g3

Q: How to choose the “correct” function(s)?

• Are all regulatory interactions functional?

• Is the function compliant with the regulator sign?

• Is the function “robust” to changes?

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 5/32



Outline

Biological motivation

Structure of Boolean functions

Stochasticity & robustness in regulatory networks

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 6/32



Boolean functions
Number of Boolean functions

1 regulator
A F A A T

0 0 1 0 1
1 0 0 1 1

2 regulators

A B F A
∧
B

A
∧
B

A A
∧
B

B A
⊕

B

A
∨
B

A
∧
B

A
↔

B

B A
∨
B

A A
∨
B

A
∨
B

T

0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

n regulators
|Kgi | = 22n Combinatorial explosion!

Includes functions which are:
- Degenerate (non-functional regulators)
- Non-monotone (regulators with dual role)
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Boolean functions
Compatible with a GRN topology

g1 g2

g3

Given an LRG (G ,K), we denote Gg the set of
regulators of g .

Gg = G+
g

⋃
G−g

G+
g : set of positive regulators

G−g : set of negative regulators

Gg1 = {g1, g2, g3}
G+

g1
= {g1, g2} G−g1

= {g3}

Recall that Fg denotes the set of functions fg compatible with the structure defined
by Gg
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Boolean functions
Compatible with a GRN topology

fg ∈ Fg can be written in the Disjunctive Normal Form (DNF)

fg = C1 ∨ · · · ∨ Cm

Ci =
∧

k∈Ei⊆Gg

uk i = {1, . . . ,m}

which must satisfy the following conditions:

• ∀gk ∈ Gg ,∃j for which k ∈ Ej

all regulators are functional

• uk =

{
qk , if gk ∈ G+

g

¬qk , if gk ∈ G−g
regulators do not have a dual role

Also known as:
- Blake canonical form (Blake 1937)

- Complete DNF, i.e., the complete list of the prime implicants of f

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 9/32



Boolean functions
Compatible with a GRN topology

fg ∈ Fg can be written in the Disjunctive Normal Form (DNF)

fg = C1 ∨ · · · ∨ Cm

Ci =
∧

k∈Ei⊆Gg

uk i = {1, . . . ,m}

which must satisfy the following conditions:

• ∀gk ∈ Gg ,∃j for which k ∈ Ej

all regulators are functional

• uk =

{
qk , if gk ∈ G+

g

¬qk , if gk ∈ G−g
regulators do not have a dual role

Also known as:
- Blake canonical form (Blake 1937)

- Complete DNF, i.e., the complete list of the prime implicants of f

Monteiro, Cury, Chaouiya IV CoLoMoTo meeting @ ENS, Paris 9/32



Boolean functions
Compatible with a GRN topology

g1 g2

g3

=⇒

000 100

001 101

010 110

011 111

Examples:
fg1 = g1 ∨ (g2 ∧ ¬g3)

fg1 = (g1 ∧ ¬g3) ∨ (g2 ∧ ¬g3)
· · ·
fg1 = g1 ∨ (g2 ∧ ¬g1)
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Boolean functions
What is the size of |Fg |?

Given n variables:

• 22n - number of all Boolean functions

• |D(n)| - number of all monotone Boolean functions (Dedekind number)

• |F (n)| - number of non-degenerate monotone Boolean functions

n 22n D(n) |F (n)|
1 4 3 (Dedekind 1897) 1
2 16 6 (Dedekind 1897) 2
3 256 20 (Dedekind 1897) 9
4 65 536 168 (Dedekind 1897) 114
5 4 294 967 296 7 581 (Church 1940) 6 894
6 1.8× 1019 7 828 354 (Ward 1946) 7 785 062
7 3.4× 1038 2 414 682 040 998 (Church 1965) 2 414 627 396 434
8 1.2× 1077 5.6× 1022 (Wiedemann 1991) 5.6× 1022

D(n) not known for n > 8 !

|F (n)| = D(n)− 2−
n−1∑
i=1

n

i!(n − i)!
|F (i)|
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Boolean functions
How is the set Fg organised?

Given any two Boolean functions f , f ′, in n variables:

f � f ′ iff f (x) = 1 =⇒ f ′(x) = 1

Given the set Fg and the relation �:

• � is a Partial Order relation on Fg

• (Fg ,�) defines a Partial Order set
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Boolean functions
Fg organised as a Partial Order set

g1 g2

g3

Set representation of fg
(indices of the literals in the
clauses)

{{1},{2},{3}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2,3}}

sup Fg1 = g1 ∨ g2 ∨ ¬g3

inf Fg1 = g1 ∧ g2 ∧ ¬g3

fg1 = g1 ∨ (g2 ∧ ¬g3)

Hasse Diagram of F (3), with its 9 functions

inf Fg1 � fg1 � sup Fg1
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Boolean functions
Fg organised as a Partial Order set
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Hasse Diagram of F (4) - has 114 functions
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Boolean functions
Neighbourhood characterization of fg in the PO Set

Given g and its regulators, for two functions f , f ′ ∈ Fg :

• f ′ is said to be a “parent” of f (resp. f a “children” of f ′) in the PO-Set (Fg ,�) iff:

f � f ′ and @f ′′ ∈ Fg s.t. f � f ′′ and f ′′ � f ′

For each function f , we define two sets
of rules to compute:

• the set of all its “parents”: 3 rules

• the set of all its “children”: 3 rules

(Cury, Monteiro, Chaouiya, in preparation )

{{1},{2},{3}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2,3}}

R3 R3 R3

R2 R2 R2

R1 R1 R1

R3 R3 R3
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Boolean functions
Number of states where f is true

Given any two functions f , f ′ s.t. f ′ is a “parent” of f :

• there is never more than 2 states of difference

{{1},{2},{3}}

#7

{{3},{1,2}}

#5

{{2},{1,3}}

#5

{{1},{2,3}}

#5

{{1,2},{1,3},{2,3}}

#4

{{1,2},{2,3}}

#3

{{1,2},{1,3}}

#3

{{1,3},{2,3}}

#3

{{1,2,3}}

#1

R3 R3 R3

R2 R2 R2

R1 R1 R1

R3 R3 R3

(Cury, Monteiro, Chaouiya, in preparation )
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Outline

Biological motivation

Structure of Boolean functions

Stochasticity & robustness in regulatory networks
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Stochasticity in gene regulatory networks
PBN - Probabilistic Boolean networks

PBN - Probabilistic Boolean networks

• Model the choice between alternate biological functions for activation of gene/protein

(Shmulevich et al., Bioinformatics 2002)
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Stochasticity in gene regulatory networks
SIN - Stochasticity in nodes

SIN - Stochasticity in nodes

• Nodes are flipped from 0 to 1 (or vice-versa) with some predefined probability

• Regardless of the susceptibility to stochasticity of the underlying function

(Ribeiro and Kauffman, J. Theor. Biol. 2007)

(Davidich and Bornholdt, PLoS ONE 2008)

(Álvarez-Buylla et al., PLoS ONE 2008)
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Stochasticity in gene regulatory networks
SIF - Stochasticity in functions

SIF - Stochasticity in functions (Garg et al., Bioinformatics 2009)

• associates a probability of failure with different functions

• models stochasticity in these functions depending upon the expression of the
input nodes
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Model application
T-helper differentiation network

(Mendoza and Xenarios, Theor. Biol. Med. Model. 2006)

• From percursor Th0 cells to Th1 or Th2 effector cells
upon the presence of cytokines IFNγ or IL4, respectively
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Model application
T-helper differentiation network

Cell type signatures (stable states):
GATA3 IFNγ IL4 IL4R JAK1 SOCS1 STAT1 Tbet IFNb

Th0 0 0 0 0 0 0 0 0 0
Th1 0 1 0 0 0 1 0 1 0
Th2 1 0 1 1 0 0 0 0 0

Th0 cells in response to an IFNγ stimuli

• differentiate to Th1

• cannot differentiate to Th2
(Murphy and Reiner, Nat. Rev. Immunol. 2002)
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Stochasticity in gene regulatory networks
T-helper differentiation network

(Garg et al., Bioinformatics 2009)
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Experimental results
Deterministic setting - fGATA3

• Synchronous simulation

• All monotone non-degenerate
functions for fGATA3

• Reference fGATA3 =
(!Tbet & GATA3) | (!Tbet & STAT6)

Legend:

1 - !Tbet

2 - GATA3

3 - STAT6

Th1 - green nodes

Th2 - blue nodes

Solid node - non-degenerate function

Dashed node - degenerate function

{{1},{2},{3}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2,3}}
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• Synchronous simulation

• All monotone
functions for fGATA3

• Reference fGATA3 =
(!Tbet & GATA3) | (!Tbet & STAT6)

Legend:

1 - !Tbet

2 - GATA3

3 - STAT6

Th1 - green nodes

Th2 - blue nodes

Solid node - non-degenerate function

Dashed node - degenerate function

True

{{1},{2},{3}}

{{2},{3}} {{1},{3}} {{1},{2}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}{{3}} {{2}} {{1}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2}} {{2,3}} {{1,3}}

{{1,2,3}}

False
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Experimental results
Deterministic setting - fIL4

• Synchronous simulation

• All monotone non-degenerate
functions for fIL4

• Reference fIL4 =
GATA3 & !STAT1

Legend:

1 - GATA3

2 - !STAT1

Th1 - green nodes

Th2 - blue nodes

Solid node - non-degenerate function

Dashed node - degenerate function

{{1},{2}}

{{1,2}}
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Experimental results
Deterministic setting - fTbet

• Synchronous simulation

• All monotone non-degenerate
functions for fTbet

• Reference fTbet =
(!GATA3 & STAT1) | (!GATA3 & Tbet)

Legend:

1 - !GATA3

2 - STAT1

3 - Tbet

Th0 - red nodes

Th1 - green nodes

Solid node - non-degenerate function

Dashed node - degenerate function

{{1},{2},{3}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2,3}}
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• Synchronous simulation

• All monotone
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• Reference fTbet =
(!GATA3 & STAT1) | (!GATA3 & Tbet)

Legend:

1 - !GATA3

2 - STAT1

3 - Tbet

Th0 - red nodes

Th1 - green nodes

Solid node - non-degenerate function

Dashed node - degenerate function

True

{{1},{2},{3}}

{{2},{3}} {{1},{3}} {{1},{2}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}
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Experimental results
Deterministic setting

Q: How to choose the “correct” function(s)?
True

{{1},{2},{3}}

{{2},{3}} {{1},{3}} {{1},{2}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}{{3}} {{2}} {{1}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2}} {{2,3}} {{1,3}}

{{1,2,3}}

False

True

{{1},{2}}

{{2}}{{1}}

{{1,2}}

False

True

{{1},{2},{3}}

{{2},{3}} {{1},{3}} {{1},{2}}

{{3},{1,2}} {{2},{1,3}} {{1},{2,3}}

{{1,2},{1,3},{2,3}}{{3}} {{2}} {{1}}

{{1,2},{2,3}} {{1,2},{1,3}} {{1,3},{2,3}}

{{1,2}} {{2,3}} {{1,3}}

{{1,2,3}}

False

Given a reference function could we suggest alternative functions which are:

• at maximum distance d

• more general/specific functions

• add/remove degenerate functions

• · · ·
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Experimental results
Non-deterministic setting - fGATA3

At each time step, choose between:

• All (20) monotone functions for fGATA3
with equal probability (of 0.05)

900 simulations:

Th0 - 41

Th1 - 305

Th2 - 554
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Experimental results
Non-deterministic setting - fGATA3

At each time step, choose between:

• 0.8 reference fGATA3 =
(!Tbet & GATA3) | (!Tbet & STAT6)

• 0.2 its neighbours

900 simulations:

Th0 - 2

Th1 - 744

Th2 - 154
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Experimental results
Non-deterministic setting - fGATA3

At each time step, choose between:

• 0.8 reference fGATA3 =
(!Tbet & GATA3) | (!Tbet & STAT6)

• 0.2 its more specific neighbours

900 simulations:

Th0 - 0

Th1 - 900

Th2 - 0
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Food for thought...

Questions for the working group

Using the Boolean functions PO set:

• is the reference function robust to changes?

• should we define instead classes of models (sets of functions)?

Building Boolean models from regulatory maps, upon insuficient knowledge:

• should a default function be atributed?
if so, a more specific or more general one (lower or higher in the PO set)?

– e.g. at least one activator and no inhibitor
– e.g. canalyzing functions
– ...

• or should we consider (algorithmically support?) incomplete models?
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Thank you!

Questions?!
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